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Abstract. Tropical manifolds are polyhedral complexes enhanced with certain 
kind of affine structure. This structure manifests itself through a particular co- 
homology class which we call the eigenwave of a tropical manifold. Other wave 
classes of similar type are responsible for deformations of the tropical structure. 
'"^ If a tropical manifold is approximable by a 1-parametric family of complex 

I manifolds then the eigenwave records the monodromy of the family around the 

^ tropical limit. With the help of tropical homology and the eigenwave we define 

tropical intermediate Jacobians which can be viewed as tropical limit of classical 
I— I intermediate Jacobians. 

o 
< 

^ 1. Tropical spaces 

, 

^ Let us briefly recall the setup in which tropical manifolds are defined, see jMikOG] 

and |MR12j for details. 

I A tropical affine n-space T" is the topological space [—00, +00)" (homeomorphic 

>- to the nth power of a half-open interval) enhanced with a preferred collection of 

^ functions Opre = {/}, / : t/ — )■ T = [—00, +00). Here U C T" is an open set and / 

^ is a function that can be expressed as 

(1.1) f(x) = max(jx + aj) 

^ for a finite set A <^ TP' and a collection of numbers G T, such that the scalar 

^ product jx is well-defined as a number in T (i.e. is finite or —00) for any x & U . 

^ The reason for calling it tropical is that in tropical calculus we replace addition by 



X 



taking the maximum and multiplication by addition, so (1.1) becomes a tropical 
CI Laurent polynomial 

^ /(x) = "5^a,x^", 

jaA 

where the quotation marks signify tropical arithmetic operations, and 
for X = (xi, ...,Xn) and j = (ji, . . . , j„). 

The collection of functions Opre is a presheaf which gives rise to a sheaf O of 
regular functions on T*^. We have / G 0{U) if / is locally given by a tropical 
Laurent polynomial. Such functions are called regular functions and O (which we 
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will also denote Ct" indicating the space where it is defined to avoid ambiguity) is 
called the structure sheaf. 



Note that to write down tropical Laurent polynomials (1.1 ) inside M" all we need 
is the affine structure on M", where we distinguish affine functions — )■ M as long as 
their linear parts are defined over Z. Such functions correspond exactly to tropical 
Laurent monomials. 

Thus the tropical structure on T" can be thought of as an extension of the inte- 
gral affine structure in M" where the overlapping maps are compositions of linear 
transformations in M" defined over Z with arbitrary translations in M". Similarly, 
tropical structures on general tropical manifolds can be thought of as extensions of 
such integer affine structure to more general n-dimensional polyhedral complexes. 

An n-dimensional polyhedral complex X = \JD is the union of a finite collection 
of convex ra-dimensional polyhedral domains D C with integer slopes. This 
means that D is the intersection of a finite collection of half-spaces of the 

k 

form 



(1.2) fffc = {s G T" I jx < a} C T" D W 

for some j G Z" and a G M and is n-dimensional as the topological space. The 
boundary dH^ is given by the equation jx = a. 

Each such ra-dimensional polyhedral domain D is called a facet of X. A mobile 
face E of D is the intersection of D with the boundaries of some of its defining half- 



spaces given by (1.2). We require that the intersection of any collection of facets of 
X is their common mobile face. The adjective mobile stands here to distinguish such 
faces among more general faces of X (which we will define later) that are allowed to 
have support in \ M^, i.e. be disjoint from M^. The domains D in the union X 
are called facets of X. We require that facets intersect along their common mobile 
faces E in the polyhedral complex X. 

This construction of the polyhedral complex may be considered abstractly or as 
embedded in the Euclidean space for some or in its partial compactification 
T^. Note that a priori we consider X as an abstract polyhedral complex, so it does 
not come with a fixed embedding. Nevertheless, locally the tropical structure on X 
always comes from some embedding to T^. 

Namely, our X is covered by open sets Ua equipped with open embeddings 0^ : 
Ua ^ Ya C T^". Here each C is an embedded n-dimensional polyhedral 
complex in subject to the following balancing condition for each (n — l)-face E 
ofY^. 



Condition (Balancing). Let E C T^" be an (n — 1) -dimensional mobile face of Y^ 
and Di, . . . ,Di C T^°' be the facets adjacent to E. Take the quotient of M^" by the 
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linear subspace parallel to E. The balancing condition asserts that 

I 

(1.3) J] 6^ = 0, 

k=l 

where the are the outward primitive integer vectors parallel to the in this 
quotient. 

The polyhedral complex inherits its structure sheaf Oy^ as the restriction of 
OjNa . In turn, its pull back induces a sheaf on Ua- Two charts Fq C T^" 

and 0/3 : f//3 — )■ Yg C T^*^ are called compatible if the sheaves induced by (pa and (pp 
on Ua n Ui3 coincide. 

Definition 1.1. A tropical space is a polyhedral complex (treated as a topological 
space) enhanced with a cover of compatible charts (pa '■ Ua ^ that are open 
embeddings to balanced polyhedral complexes Ya C T^". 

As we treat X only as a topological space, its subdivision into faces is not fixed. 
We are free to choose any other subdivision compatible with the charts (pa- The 
charts induce a sheaf Ox on X which we call the structure sheaf of X. Alternatively 
we may define a tropical space as a pair (X, Ox) locally given by balanced polyhedral 
complexes Ya- 

In addition we will impose the following finite type condition on X. 

Condition (Finite type). If {xj G Ua}^=i is a sequence such that (pa{xj) converges 
to a point y G T^'^ then either the sequence {xj} itself converges to a point x G X 
or there exists a coordinate in taking the (— oo)-value on y and finite values on 
some (pa{xj). 

Remark 1.2. Recall that the polyhedral complex X is already required to be finite. 
Thus our finite type condition is equivalent to the finite type condition from |MR12j . 
On the other hand here we use a more restrictive notion of tropical space than one 
in |MR12] as here we do not allow facets to be weighted. 

Note that the dimensions Na and Nfs of the ambient spaces may differ. Further- 
more, given a point x E X some coordinates of (pa{x) may take infinite values. So 
sometimes the point (pa{x) is not contained in M^". It is convenient to stratify the 
space by 

Tj := {y G : yi = — oo, z G / and yi > — oo, i ^ /}, 

where / C {1, . . . ,n}. Each Tj is isomorphic to M^"'^' and we set T/ to be its 
closure in T^. 

Let us look again at the faces of the polyhedral complexes Ya and X. An n- 
dimensional polyhedral complex is composed of its facets that are convex polyhedral 
domains D C T^. We may think of each D as the topological closure in of a 
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convex n-dimensional polyhedral domain in M and of its faces E as the closures in 
of the corresponding faces of that domain in M^. 
It is convenient to extend the notion of a face to include the intersections E HTj 
for / C {!,..., n}. 

Definition 1.3. We say the face Ej := E D Tj has sedentarity s = \I\ or refined 
sedentarity I. Clearly, the mobile faces (defined previously) are the faces of seden- 
tarity 0. If Ei := E DTi ^ (/} we say that the coordinate yi defines the divisorial 
direction in E, see Figure [Tj The primitive integral vector along y^ pointing towards 
— oo is called a divisorial vector. 



Figure 1. Mobile and sedentary faces of a polyhedral domain in T . 

We will use A to denote these more general faces of X. The collection of the faces 
of X forms a partially ordered set by inclusion. Indeed, facets are the maximal faces. 
Recall that all facets in X are required to intersect along their common subfaces. 
This implies that the same property also holds for all faces, including faces of positive 
sedentarity. Thus the relative interiors of the faces define a stratification of X. 

As an example let us look at the tropical affine space as a polyhedral complex 
in itself. Its faces are the T/. Then the sedentarity of a point x G agrees with 
the sedentarity of the face T/ containing x in its relative interior. Note that any 
translation in extends to a continuous homeomorphism of T^. We call such 
extensions translations in T^, they form a group isomorphic to M^. 

Clearly, the dimension of the stabilizer of a point x coincides with its sedentarity. 
In this sense the higher the sedentarity of the point the less mobile it is. This 
explains the term sedentarity. The same is applicable to the faces of X. 

Definition 1.4. A face A of a polyhedral subdivision of X is called infinite if either 
it is not compact or it contains a subface of sedentarity higher than A. Otherwise 
A is called finite (even if the sedentarity of A itself is positive). 

Proposition 1.5. If X is compact then each face A C X has a unique subface of 
maximal sedentarity. Moreover, this maximal sedentary face is finite. 



mobile face 
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> 
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Proof. If A is infinite and X is compact tlien it lias a subface of higlier sedentarity. 
But if the closure of A contains two points x,y of different sedentarity then by 
convexity it also contains a point z whose refined sedentarity contains the refined 
sedentarities of x and y. (Recall that all our facets are are compact and contained 
in a single chart in some T^.) □ 

Let us assume now that X is compact. We conclude this section by giving a 
construction of the first baricentric subdivision of X. For a finite cell we take an 
arbitrary point in its interior for its baricenter. For an infinite cell we take for its 



Figure 2. Baricentric subdivision of an infinite cell. The dotted 
faces have higher sedentarity. 



baricenter the baricenter of its unique most sedentary (necessarily finite, cf. Propo- 
1.5) subface (see Figure [2]). That is, we first choose baricenters of maximal 



sition 



sedentary faces and then name them also as baricenters of any adjacent faces of 
lower sedentarity. The subdivision of each face of X into simplices is constructed as 
usual by the flags of its subfaces of minimal sedentarity. 



2. Homology groups 
2.1. Singular tropical homology. 

Definition 2.1. Let x G X be a point in a tropical space. Choose a sufficiently small 
open set U 3 X and an embedding (p : U ^ Y C. . We define J^{x) as the free 
abelian group generated by the integer vectors in TJ^^j-^^^ parallel to (piU) HTJ^^j.^-)^. 
This means that J^{x) is generated by the integer vectors parallel to the faces of the 
polyhedral complex X adjacent to the point x. 

The group J-'k{x) is defined as the subgroup of the kth exterior power A'^(J^(x)) 
generated by the exterior products vi A ■ ■ ■ Avk with vi, . . . ,Vk G J-'{y) for a point y 
in a relative interior of a facet of X adjacent to x. It is important that all k elements 
Vj come from a single adjacent facet. The group J^^{x) is defined as Hom(J7c(a;), Z). 

It is easy to see (cf. |MR12j ) that for a sufficiently small open set ?7 3 x G X 
(namely, if U is contained in the open star of x) the groups J^k{x) do not depend 
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on the choice of t/ or as they can be expressed in intrinsic terms of the sheaf Ox 
through invertible regular functions in a neighborhood of x. 

On the other hand, the groups J^k{x) and J^kiy) are canonically identified by 
translation if x and y belong to the relative interior of the same face A of X. Thus 
we can use the notation J-fc(A). Furthermore, if for two points x, y we have A^; >- A^ 
then there are natural homomorphisms 

(2.1) i : J-fc(x) ^ J-fc(y). 



To define the map (2.1) we take a chart (p with U 3 y. If I{(j){y)) = I{(j){x)) 
then any face adjacent to (pix) is contained in some face adjacent to (j){y) and the 
inclusion induces the required map. If I^cpiij)) ^ /(0(a;)) (note that we must have 
I{(j){y)) D I{(j){x))) then the required map is given by projection along the divisorial 
directions indexed by I{(j){y)) \ /(0(x)). 

If there are three points x, y, z lying in the faces with incidence A^. >- Ay >- A^ 



then the three corresponding maps (2.1) form a commutative diagram. In other 



words, if we consider the set of faces of X as a category (under inclusions) then the 
J-fc forms a contravariant functor from faces of X to abelian groups (cf. Proposition 



2.14D . 

Note that J-'k does not depend on the choice of a subdivision of X into faces, i.e. 
on a presentation of X as a polyhedral complex, because J^k is constant on relative 
interiors of faces for any subdivision of X (compatible with the charts 0^). It is 
then convenient to consider the coarsest stratification of X compatible with all such 
subdivisions. 

Definition 2.2. We say that two points G X are combinatorially equivalent if 
there exists a finite sequence of points x = xo,xi, . . . ,xi = x', the charts (pj : Uj — )• 
Yj C T^J , and the subdivisions of the Yj into polyhedral faces, such that for each 
j = 1, . . . , / , the pair Xj-i, Xj e Uj and their ^^-images belong to the same face of 
Yj (in particular, have the same sedentarity). A combinatorial stratum of 

the tropical space X is a class of combinatorial equivalence. 

Example 2.3. Consider the circle Ei of length /, the so-called tropical elliptic curve. 
We can present Ei as the quotient of M by the group generated by translation 
by / units. Clearly, Xi is a tropical space and we can present it as a polyhedral 
complex by choosing e.g. three distinct points so that they split Ei into three facets. 
This subdivision is not unique as we can move these points around or consider a 
subdivision into a larger number of facets. The combinatorial stratification for Ei 
is trivial: it consists of a single stratum Ei. 

Clearly we have J-'k{x) = J^k{x') for combinatorially equivalent points x,x'. In 
other words, J^k associates an abelian group to each combinatorial stratum of X. 

We may interpret our data as a system of coefficients suitable to define homology 
groups on X. It is not locally constant as it jumps when we pass from a face of 
X to its subface. But this does not pose a problem as long as we consider singular 
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chains compatible with the combinatorial stratification of X. Namely, we consider 
the finite formal sums 

where each singular simplex cr : A'' — )■ X is such that for each relatively open face A' 
of A"^ the image cr(A') is contained in a single combinatorial stratum of X. Slightly 
abusing the notations we'll identify the source and the image of a with the singular 
simplex a itself and say that r = (j|a' is a face of a. Here /3o- G J-fc(Ao-). These 
chains form a complex C,(X;J-fc) with the differential d given by the standard 



singular differential followed by the maps 2.1 We call such compatible singular 
chains with coefficients in J-^ tropical chains. The groups 

Hp,,{X) = H^{C,{X-J'jXd) 

are called the tropical homology groups. 

These homology groups is a version of singular homology groups of a topological 
space X (after imposing the condition of compatibility of singular chains with the 
faces of X). There are other equivalent ways for constructing tropical homology 
groups: simplicial, cellular and Cech. 

2.2. Cellular and simplicial tropical homology. We assume X is compact 
throughout this subsection. The main advantage of dealing with cellular and sim- 
plicial chain groups is that they are finitely generated. This will give an effective 
way to calculate the tropical homology. 

We fix a subdivision of X into convex polyhedral domains (which is by no means 
unique). Sometimes the combinatorial stratification provides a natural cellular 



structure on X, but this is not always the case, cf. Example |2.3[ Recall that 
we call the faces (including the sedentary faces) of these polyhedral domains the 
faces A of X. Note that such subdivision is always compatible with the combina- 
torial stratification in the sense that the relative interior of each A is contained in 
a single combinatorial stratum of X. 

Once such a subdivision is fixed we define the cellular chain complex 

(X; Jp) = ©Jp(A) = ©i/,(A,9A; Jp(A)). 

Here the direct sum is taken over all g-dimensional faces A of the subdivision. The 
homology Hg{A,dA; J^p{A)) of the pair with constant coefficients equals J>(A) 
since each g-dimensional face A in X is topologically a closed g-disk (recall that X 
is compact). 

Our next step is to define the boundary homomorphism d : Cg'^''(X; J-p) — )• 
Cg^[{X; J^p). The d is the composition of the maps 

(2.2) if,(A,9A; J-p(A)) ^iJ,_i(9A; J-p(A)) ^/7,_i(9A,9AnSk,_2(X); J-p(A)), 
the isomorphism 

(2.3) //,_i(9A,5AnSk,_2(X); Jp(A)) ^ ©if,_i(A', 5A'; Jp(A)), 
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where the direct sum is taken over all (g — l)-dimensional sub faces A' -< A, and 
(2.4) ©ff,_i(A',9A'; J-p(A)) ©/7,_i(A', 9A'; J-p(A')). 



In (2.2) the first homomorphism is the boundary homomorphism of the pair (A, OA) 
and the second one is induced by the inclusion of the pairs (A,0) C {A,dA). 
The isomorphism (2.3) comes from the excision as the quotient space dA/{dA fl 
Sk5_2(X)) is homeomorphic to a bouquet of (g — l)-dimensional spheres, one sphere 
for each {q — l)-dimensional subface A' -< A. Finally, the homomorphism (2.4) is 
induced by (2.1 ). 

The homology groups of the cellular chain complex (C^'^"(X; J-'p), d) are called the 
cellular tropical homology groups Hl'^^\X\ J^p). We have the following identification. 

Proposition 2.4. The cellular tropical homology groups i7^^"(X; J-'p) are canoni- 
cally isomorphic to the (singular) tropical homology groups H,{X; J^p) . 

Proof. As in algebraic topology with constant coefficients to prove this isomorphism 
we need to use cellular homotopy. Let us recall that by the cellular homotopy 
argument the inclusion Skg(X) — > X induces an epimorphism 

(2.5) ^,(Sk,(X); Jp) ^ Hj{X; Tp) 

for j < q (which is also an isomorphism for j < q. Note that even though J-'p is not 
a constant coefficient system, all cellular homotopy takes place within a single cell, 
so the classical argument also holds here. 

Consider the homomorphism (in singular homology groups) induced by the inclu- 
sion of pairs (Skg(X),0) C (Sk(X), Skg_i(X)) 

H,{X-7p) ^ i/,(Sk,(X),Sk,_i(X); J-p) = CfiX-J'p). 

Its image consists of cycles by the construction of the boundary map in the short 
exact sequence of the pair and thus it gives us a homomorphism 

(2.6) i^,(Sk,(X); J-p) ^ Hf\X- Jp). 

Note that by cellular homotopy the kernel of ( |2.6 ) coincides with the kernel of 
(2.5) for j = q. To see surjectivity of (2.6) we consider an element c G if^'^"(X; J-p). 
Subdividing the faces of X into simplices if needed we may represent c by a singular 
chain in C,(Skq(X); J^p), whose boundary do is null-homologous in 

q!'i(Sk,_i(X),Sk,_2(X);J-p). 

But Hg_i{Skij_2{X)] J^p) = by the dimensional reason and thus dc must also vanish 
in if^^" (Skg_i(X); J^p). Thus we may correct c (by adding to it a singular chain in 
Skg_i(X) whose boundary coincides with do) to make it a cycle in C,(X; J^p). □ 

We continue to assume that X is compact. There is a simplicial variant of the 
tropical homology arising from the first baricentric simplicial chains on X. (The 
baricentric subdivision of X was described at the end of the previous section.) Then 
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we can consider the baricentric simplicial chain complex with coefficients in J^p as a 
subcomplex C^"(X; J^p) of C,{X- J^p). 

Note that the cellular chain complex C^'^"(X; J-'p) can be viewed as a subcomplex 
of C^"^(X; J-'p), where all coefficients on simplices of the same cell are taken equal. 
Applying the standard chain homotopy arguments for constant coefficients one can 
show that this inclusion 

is again a quasi-isomorphism. This allows us to identify both baricentric simplicial 
and cellular homology with the tropical homology. 

Remark 2.5. In Section [6] we will show that there is a fairly small subcomplex of 
C^"^(X; J^p), called konstruktor, which suffices to calculate the homology groups 
Hp^g[X) in the smooth projective realizable case. 

Remark 2.6. In jIKMZ12] it is shown that in the case when X is a smooth projective 
tropical manifold that comes as the limit of a complex 1-parametric family the 
groups Hp^q{X) can be obtained from the limiting mixed Hodge structure of the 
approximating family. In particular, we have the equality 

hP'''{Xt)=TkHp^,{X), 

for the Hodge numbers h^''^{Xt) of a generic fiber Xt from the approximating family. 

2.3. Special tropical cycles. 

Definition 2.7. A cycle 

l = ^l3a(re Cp{X-J^p) 

is called special (or, straight cf. |MR12j . |Shl2] ) if 

• the restriction of each singular simplex a to its relative interior cr° C o" 
is an open embedding to a p-dimensional integral affine subspace L of the 
affine space (Ao-)r spanned by A. Let A^ := L fl {A„)z C J-'i(Ao-) be the 
corresponding lattice. 

• Each coefficient G J^p{A„) is an integer multiple of the integral volume 
element Vol^ of the lattice A^,. 

Note that the volume element Vol^ is determined by the orientation of a and vice 
versa. Thus the ratio between /3o- and Vol^ is a well-defined integer. We call it the 
weight of cr in 7 and denote by w{a) E Z. 

It is convenient to present tropical cycles in the form independent of presentation 
by singular chains. Let us consider the support Z = I7I C X (i.e. the image of all 
simplices a from 7). It is contained in the union of finitely many p-dimensional affine 
polyhedral subsets in different faces A of X and can be thought of as a generalized 
polyhedral complex. 
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Namely, we define a coarse facet Al oi Z as the union of all simplices a C A of 
7 contained in a given p-dimensional affine subspace L. Each ^4^ is a polyhedral 
(possibly non-convex) domain in L. Indeed, as — 0, the boundary of Al in 
L, must be contained in an intersection L (1 L' for some other p-dimensional affine 
subspace L' (perhaps from an adjacent face A' of X). Thus the relative boundaries 
oi Al can be decomposed into a union of {p — 1) -dimensional polyhedral domains 
(again not necessarily convex) contained in (p — l)-dimensional affine subspaces with 
integer slopes. 

We define the weight w{x) of a generic point a; e Z to be the sum of the weights 
of all p-simphces a whose interiors contain x. Here we call x generic if it does not 
sit on the boundary of a simplex from 7 and all these simplices are contained in a 
single p-dimensional space L C A. The set of all generic points is an open and dense 
set in Z. Some points which are non-generic in this sense might still be generic for 
another cycle with the same support Z while some stay non-generic for any such 
cycles. 

We say that a point x E Z is a junction point if any neighborhood U 3 x contains 
a pair of generic points not contained in the same p-dimensional affine space L C A. 
Thus if X is not a junction point its small neighborhood is contained in some p- 
dimensional affine space L. The junction locus Sk^~^{Z) C Z is the set of all 
junction points. Clearly, the junction locus is supported on pairwise intersections of 
the coarse facets Al of Z and thus can be presented as a union of (p~ l)-dimcnsional 
polyhedral domains (again not necessarily convex) contained in {p— l)-dimcnsional 
integral affine subspaces. Note that since 7 is a cycle all generic points in a small 
neighborhood of a non-junction point must have the same weight and thus we can 
extend the weight to a a locally constant function 

w : Z \ SkP-\Z) Z. 

The topological closures of the connected components of Z \ Sk^~^(Z) define facets 
of a polyhedral subdivision which refined the subdivision into Al- These new facets 
are called elementary facets of Z. Each elementary facet is prescribed a single weight 
(equal to the weight of any generic point in it). 

Definition 2.8. We say that a finite union F = |JF of closed subsets F C X 
(called facets of Y) is a p- dimensional polyhedral pseudocomplex Y <Z X if the 
following conditions hold. 

• Each facet F is a p-dimensional polyhedral domain (i.e. can be presented as 
the union of a finite number of convex n-dimensional polyhedral domains) 
contained in a p-dimensional integral affine subspace L of a face A of the 
tropical manifold X. The interior of F in L is non-empty and connected. 

• Its boundary dF (as a subset of L) is contained in a finite union of (p — 1)- 
dimensional affine subspaces Kj <Z L. A point x e dF is called a generic 
boundary point of F if it is contained in the relative interior of facet of F 
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(corresponding to some Kj). We say that an integer vector Vx G v^i(A) is an 
outward primitive vector to F at x & OF if Vx points from x toward F and 
together with a basis of it generates the lattice A^. 

The pseudocomplex Y is called weighted if each facet F C F is prescribed an integer 
number w{F), the weight of F. 

The junction locus Sk^^^(Y) C F is defined as the union of dF over all facets 
of Y. A point X E Sk^^^{Y) is called a generic junction point if it is a generic 
boundary point of F for every facet F such that x G dF and, in addition, there 
exists a {p — l)-dimensional affine space K{x) in a face A of X such that a small 
neighborhood of x in Sk^~^{Y) is contained in K. Note that such K{x) is unique. 

Definition 2.9. A p-dimensional weighted polyhedral pseudocomplex y C X is 
called balanced if for every generic junction point x E Sk^~^(y) the vector 

Y,w{Fj)vx{F,) e Ti{x) 

is parallel to K{x). Here the sum is taken over all facets Fj of Z such that x G dFj 
and Vx{Fj) is the outward primitive vector to Fj at x G dFj. 

Remark 2.10. Note that if x has zero sedentarity, and (j) : U is a chart 

with U 3 X, and (j){U (1 Y) G is a p-dimensional polyhedral complex then 



the balancing condition of Definition 2.9 coincides with the condition (1.3) for the 
{p — l)-face containing 0(x). 

Proposition 2.11. The support \'~f\ of a special tropical {p,p)-cycle j is a balanced 
p-dimensional weighted polyhedral pseudocomplex. Conversely, any p-dimensional 
balanced weighted polyhedral pseudocomplex Y can be presented as the support of a 
special tropical {p,p)-cycle. 

Proof. The balancing condition for I7I is equivalent to the condition d'-f = 0. To find 
a special tropical (p, p)-cycle for a balanced weighted polyhedral pseudocomplex Y 
we take a compatible triangulation of the facets of Y. Then we take the volume 
element times the weight for the coefficients of each resulting simplex. Note that 
the orientation of each simplex of the triangulation enters the resulting tropical 
chain twice: once as the orientation of the simplex itself and once for through the 
orientation of the volume element. Thus the result does not depend on the choice 
of orientation of the simplices. □ 

Definition 2.12. Homology classes of special tropical cycles are also called special, 
or straight or algebraic tropical [p, p)-classes. They form a subgroup 
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2.4. Tropical cohomology groups. Finally we define tropical cochains C*{X; J-"^) 
to be certain linear functional on face-compatible singular chains with values in 
©A faces of X •^^(^)- Namely, if a simplex a lies in a face then we require the 
value of the cochain to lie in J-'^(Ao-). Then one can define the differential as the 



usual coboundary followed by the maps dual to (2.1) 

rCcr 

We can define the tropical cohomology groups 

2.5. Sheaf/cosheaf (co)homology. To make connections with other homology 
theories we use the coefficient systems J-'p to define a constructible cosheaf with 
respect to the stratification given by the face structure on X. With a slight abuse 
of notations we denote this cosheaf also by J-p. A cosheaf is a suitable notion to 
take homology, just like sheaf - for cohomology. 

Given an open set [/ C X we consider the poset formed by the connected compo- 
nents of intersections of the faces of X with U. The order is given by adjacency. This 
poset can be represented by a quiver (oriented graph) T{U). Each vertex v G T{U) 
corresponds to a connected component of the intersection U Ci E of the open set 
U and a face E of X. A face of X can have multiple representatives in T{U), see 
Figure [3] To each vertex v we associate the coefficient group J>(f) = Fp{E). To an 
arrow from to w we associate the relevant homomorphism i^^ '■ J^p{v) J^p{w) 



from (2.1 ). The groups J-'p{v) with maps iyw thus form a representation of the quiver 

nu). 




Figure 3. An open set in a polyhedral complex and the correspond- 
ing quiver. Here J^iiU) = Z^. 

Definition 2.13. J^piU) is the quotient of the direct sum ©^,gr(t/) -^pl"^) 
subgroup generated by the elements a — ivw{ci) ioi all pairs of connected vertices 
{v,w), and all a G J^p{v). 
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Note that an inclusion U C V G X induces a morphism between the corre- 
sponding quivers T{U) — )■ T{V) with isomorphisms at the corresponding vertices. 
This map clearly preserves the equivalence relation, and hence descends to the map 
J^piU) — )■ J^piy). Thus, we get a covariant functor from the open sets U C X (with 
morphism given by inclusions) to free abelian groups U H- J-'p{U). It is easy to check 
that all sequences 

(2.7) Jp(f/„ n f/^) ^ J^p{U^) ^ J^p{U) ^ 0, 

a,/3 

where U = [jUa, are exact. Thus the functor U (-)■ J^^{U) is a cosheaf (cf., e.g. 

To define the sheaf J-"^ we need a contravariant functor U t— t- J^^{U). Let T{U) 
to be the directed graph as before with all arrows reversed. We set J^^{U) to be 
the subgroups of 0t,gr((7) where the collections of elements {a„ G J^^{v)} are 



compatible with all the morphisms dual to (2.1). Note that these collections are 
precisely the ones annihilated by the elements a — ivw{(^) from the Definition 2.13 
and thus F'^iU) = Hom(Jp(t/), Z). Dualizing the exact sequences (2.7) we see that 



the functor U i— J-'^{U) is a (constructible) sheaf on X. 

The faces of X also form a category. Its objects are the faces themselves. There 
is a unique morphism from E to E' if is a subface of E', and no morphisms 
otherwise. Our reasoning above can be formulated as the following proposition. 

Proposition 2.14. Every covariant functor T from the faces of X yields a con- 
structible sheaf while every contravariant functor yields a constructible cosheaf where 



U H-)- J-'{U) is given by Definition 2.13 



Finally we can use the sheaf-theoretic or Cech homology and cohomology for 
cosheaves J-'p and sheaves J^. The standard algebraic topology techniques identify 
all these homology theories with the tropical (co)homology. 

Proposition 2.15. There are natural isomorphisms 



■p\ 



Hp^g = Hg{X,J^p) and H^^'^ ^ H''{X,J^'' 
where on the right hand side are the sheaf-theoretic (co)homology groups. 

3. Tropical waves 

3.1. Waves and cowaves. There is also another collection of sheaves and cosheaves 
that can be associated to a tropical space X. We still assume X is compact. Let us 



revisit Definition 2A where we considered an embedding (p : U ^ Y G for a point 
X E X. Let W be the largest vector subspace of the tangent space T^(x)0^^(p(^x))) 
that is contained in the image of every facet of X adjacent to x under 0. Clearly, 
W is defined over Z and is contained in the linear span of (p{U) fl TJ^^j^^^^ considered 
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in Definition 2A_ As W depends only on the face A containing x in its relative 
interior we may write for this space. 

In the case A is infinite we need to further modify the vector space W. Namely, 



we take the quotient of W by the divisorial directions (cf. Definition 1.3 ) and denote 
the resulting quotient vector space by Wa- 

On the other hand, every face A of sedentarity s is contained in a unique minimal 
face A" of sedentarity 0. (We have dim A" = dim A + s). Then we set := W'^„. 

To summarize, we have W = W = W" for finite faces of sedentarity 0. For 
infinite faces the W is the quotient of W by the divisorial directions. W" = W 
for zero sedentarity infinite faces. For infinite faces of positive sedentarity the W" 
equals W of the smallest adjacent face of sedentarity 0. 

Definition 3.1. We define Wk{A) as the free abelian group generated by the integer 
elements of the exterior power A^{Wa)- Similarly, we define VF^'(A) as the free 
abelian group generated by the integer elements of the exterior power A^{W'J^). We 
also consider the corresponding dual groups VV'iA) and W'^A). 

It is also convenient to write Wk{x) = W4(A) and Wl!{x) = Wl!{A) for every 
point X in the relative interior of the face A, and similar for W''{x) and W"^{x) . 
Note that for a pair A' C A of two faces we have the natural homomorphisms 

(3.1) TT : Wk{A') Wk{A) and tt : W'^{A') W'f!{A) 

as well as the dual ones 

W\A) ^W\A') and W"\A) ^ W"\A'). 



By Proposition 2.14 the coefficient systems Wk and W'f! define constructible sheaves 
Wk and W'fl on X, whereas the and W"^ define cosheaves W'' and W"^ for 
every integer A; > 0. 

Proposition 3.2. For compact tropical space X we have canonical isomorphisms 
m^X- Wk) = H'i{X- W'l) and H^{X; W'') = Hq{X; W"^'). 

Proof. Note that we have a surjective homomorphism of sheaves W^' — t- Wk which 
induces a homomorphism of cochain complexes 

(3.2) CUX;W'^) CUX;Wk) 

commuting with the boundary map. Let us prove that all cocycles in the kernel K 



of (3.2) are coboundaries of other elements of K. 

Recall that Wk and Wl! only differ at infinite cells and at the cells of positive 
sedentarity. Note that an element of K cannot be a cocycle unless its value on 
each fc-face A of positive sedentarity is zero. Indeed, the boundary of such cochain 
cannot vanish on the {k + l)-face adjacent to A of sedentarity s(A) — 1. 

Conversely, if a cochain in K takes a non-zero value at an infinite face A then this 
value can be presented as the sum of the boundary divisor directions. This defines 
a {k — l)-dimensional cochain whose coboundary is our cocycle from K. 
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As all cocycles in K are coboundaries the map H'^{X; Wk) = H'^{X] W^') induced 



by (3.2) is injective. Also now surjectivity of (3.2) implies the surjectivity of the 



induced map in homologies. More precisely, we lift a cocycle a G C*g;^(X; Wa;) to 



an arbitrary cochain a" G C'^ii{X]W'l) under (3.2). The boundary 6a" belongs to 
K and therefore there exists an element 7" G K with 57" = 5a" . The cocycle a is 
an image of the cocycle a" — 7". □ 

Definition 3.3. Tropical wave and cowave groups, respectively, are 

(3.3) H'^{X;Wk) and Hg{X;W^). 

Again, we can think of these groups from the sheaf-theoretic point of view or as 
face-compatible singular (co)homology with coefficients in the systems Wk and W''. 

Example 3.4. Let us consider a tropical genus 2 curve C with a simple double 
point. The underlying topological space of C is a wedge of two circle, i.e. it is a 



graph with a single vertex v and two edges that are glued to v, see Figure [3^ 

The tropical structure in the interior of each edge is isomorphic to an open interval 
of finite length in M (treated as the tropical torus = T \ { — 00}). The tropical 




structure at the vertex v is such that the four primitive vectors divide into 2 pairs 
of opposite vectors. This means that the chart at v is given by a map to such 
that a neighborhood of f in C goes to the union of coordinate axes and the four 
primitive vectors near v go to the unit tangent vectors to those axes. 

Thus, J^i{v) = 1? and W\[v) = 0. On the other hand every point x in the interior 
of either edge has the groups ^-"1(0;) = Z and Wi{x) = Z. The groups J-o(x) and 
Wo{x) are always Z for any point x. From the two term cell complex one can easily 
calculate 

/7o(C; J-o) = Z, /Jo(C;J-i) = Z, i/i(C; J-q) = Z^ Hi{C; J^i) ^ Z, 

and 

H°{C;m) = ^, H\C;m) = 0, H\C]Wq) = I?, H\C-Wi) = I?. 

In general the case of p = is easy since J-q, Wq and Wo are constants, thus we 
have the following obvious observation. 

Proposition 3.5. We have Ho,q = Hg{X; >V°) = Hg{X) and H^'^ = H^iX; Wq) = 
H'^{X), where Hg{X) and H^{X) stand for the topological q- dimensional homology 
and cohomology groups with integer coefficients. 
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3.2. Pairing of T and W. The importance of the wave classes stems from their 
action on the tropical homology via a natural bilinear map 

which we are going to define now. To do this on the chain level we will use the 



canonical isomorphism iy*(X; Wfc) = W^') from Proposition 3.2 Then this 

map is just the standard cap product between singular chains and cochains coupled 
with the wedge product on the coefficients A : W'l ® J-'p ^ J^p+k- 

Precisely, let a be a face-compatible s-cochain with coefficients in W^' and 7 = 
^ fia be a tropical g-chain with coefficients in J^p. For each singular simplex a we 
denote by ac.s its first s-face (spanned by the first s + 1 vertices of a) and by as...q 
its last (g — s)-face. Then we set 



(3.4) an7 = ^(a(ao...s) A/3)(T, 



s...q- 



Here we push the value a from the face cro...s to the simplex a with the sheaf map 
and then push the value of the result from a to as...q using the cosheaf map. 

Before showing that this product descends to homology level we need the following 
straightforward observation. 

Lemma 3.6. Let A' ~< A be a pair of adjacent faces in X. Then the diagram 

l^'(A)® J-,(A)^^J-,+,(A) 



W'^{A') ® J-p(A') ^ Jp+fc(A') 

is commutative in the sense that for any a G ly^'(A') and (3 G J^p{A) one has 
L{Tx{a) A l3) = a A L{j3). 

Proof. The wedge product is bilinear with respect to inclusion and quotient (in fact, 
all) homomorphisms between free abelian groups. □ 



Proposition 3.7. For each s < q the cap product (3.4) descends to a natural bilinear 
map in homology 

n : H%X;m)®Hq{X;J^p) ^ if,_,(X; 7^+^). 

Proof. The statement follows at once from the usual Leibnitz formula 

{-iyd{a n 7) = {6a) fl 7 + a n ^7. 

Note that the wedge products in S{a H 7) and (da) fl 7 are taken in a and then 
pushed to J-p+fc(crg • On the other hand the wedge products in « fl ^7 are taken 



in ctq J ^ and then pushed to J^p+k{o's...i...q)- -^^^ Lemma 3.6 allows us to identify 
the results. □ 
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3.3. The group H^{X;Wi ® M) and deformations of the tropical structure 

of X. In this section we assume that X is compact. The cocycles in Cl^ii{X; W{') 
determine infinitesimal deformations of tropical structure in X. To see this we 
consider a simplicial decomposition of X, i.e. we take the baricentric subdivision 
(adjusted in sedentary faces as in Figure [2]) of a decomposition of X as a polyhedral 
complex. 

Given a face A of X we consider its open star St (A), that is the union of the 
relative interiors of faces containing A. Open stars St(f) of the vertices f G X 
provide a finite open covering of X. It will be convenient to consider slightly smaller 
neighborhoods Uy C St(f), such that we still have a covering 

X = \JUy, 

V 

but now with the topological closure of each contained in St(f ). 

Then to obtain X one can take the disjoint union ILy{Uy) and identify pairs of 
points {v,yy) and (f', i/y') whenever = y^i. Note that this is an equivalence relation 
by definition. In particular, it is transitive. Also note that if {v,yy) ~ {v',yy>) then 
C/y n [/^/ 7^ and therefore v and v' are connected by an edge [v, v']. 

One important observation is that , v']) is contained in W" of any strata in 

St([t>, v']). Thus we can translate any point x in St([f , v']) by a small scalar multiple 
of any vector in VTf ([w, f ']). 

Let a G C^g^;(X; Wf) be a 1-cocycle and choose a small positive number e > 
(the size of deformation). 

Proposition 3.8. The identification (t>, yy) ~ (t>', for all pairs yy, yyi G St([t>, v']) 
such that yy = yy' — ea{[v,v']) defines an equivalence relation on Ily{Uy). 

Proof. First note that a([f,f']) G W^"([f,f']), and we consider only the points yy' G 
Uy' for which the translation yy' — ea{[v,v']) makes sense as a point in Uy'. The 
identification is symmetric since a([f,t'']) = —a{[v',v]). It is transitive since a is a 
cocycle. □ 

Definition 3.9. The result Xa,e of deformation of X with parameters e > and 
a G C^g;;(X; Wf ) is the quotient space of ILy{Uy) by this equivalence relation. 

Clearly, the open sets Uy provide a covering of Xq, ^ with the same local embeddings 
(py : Uy ^ Yy G T^" . Thus Xo,e is also a tropical space. Furthermore, it has the same 
combinatorial type as X, i.e. it has the same combinatorics of the face structure, 
but the faces of Xa,e themselves may have different affine structure. E.g. if X is 
1-dimensional, the lengths of the edges of X and Xa^e may be different. 

We give now another construction of the deformed tropical space X^^e thinking 
of a as a Cech cocycle a G CQ^^f^{X; Wf ) with respect to an open covering {Uj} of 
X. We may assume that each Uj is contained in the Uy, the "shrunk" open stars 
of vertices for some simplicial subdivision of X. Thus for x G t/j fl Uj' and small 
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enough e > the expressions x + eajj/, where ajj/ G WiiUj fl Uj>) is the value 
of the cocycle, make sense. Then again we may present X as the quotient space 
of Ilj{Uj) by the equivalence relation identifying the same points in different open 
sets. The cocycle a defines a deformation of this equivalence relation by replacing 
(j, x) ~ (j', x) with (j, X + eajji) ~ (j', x). We set Xa,e to be the quotient of I[j{Uj) 
by this new equivalence relation. 

Note that if the Cech cover {Uj} is taken to be the open star cover {U^} for some 
simplicial subdivision of X then it consists of contractible sets and all intersections 
are contractible open sets and W('(f/t, fl Uy>) = W[' {[v , v']) . Moreover, the Cech 
and the simplicial complexes arc identical. Thus we see that in this case the Cech 
formahsm gives the same space X^^e as does the cellular approach. Prom the Cech 
point of view, however, it is easier to see independence of the simplicial subdivision 
of X. 

Proposition 3.10. Two cellular cocycles a, a' G Cl^ii{X;Wi) in the same coho- 

mology class define isomorphic tropical spaces X„ and X^^e- 

Two Cech cocycles a, a' G Cc'ec/i("^' ) '^^'^ same cohomology class for two 
different simplicial subdivisions define isomorphic tropical spaces X^^e (md X^'^e- 

Thus we may speak of the tropical space X[a],e (up to isomorphism) for a homology 
class [a] G H^{X;yVi) = H^{X;yVi) without specifying the subdivision of X. 

Proof. By additivity we may assume that a' — a — 5^ where j3 G C°g;;(X; W") takes 
a non-zero value on a single vertex v G X and zero value everywhere else. The 
constructions of the spaces Xa^e and Xa'^e differ in the way of gluing K> through a 
parallel translation by a vector in W"{y). The required isomorphism is provided by 
the composition with this translation. 

To see the second statement note that any two Cech coverings have a common 
refinement. Thus it is enough to show that the constructions agree when a new 
connected open set U' = Uq is added to an existing covering U = {Uj}. We may 
assume that U' is contained in an open star St{v) of a vertex v for some simplicial 
subdivision of X. 

Suppose we have a Cech cocycle a for the covering U. Among all Uj which 
intersect U' we pick one, say f/j,,, and set aoio = 0. If U' (1 Uj ^ for some other j, 
then there is a sequence of open sets Uif^,Uij^, . . . , Ui^ = Uj such that t/i,nt/i^_-^nt/' ^ 
0. We set 

k 
s=l 

Since St(f) is contractible aQj does not depend on the choice of the sequence f/j^. 
Adding the collection of all such aoj to the existing values ctjj defines a cocycle for 
the refined covering in the same Cech cohomology class as a. Clearly X^,^ does not 
change after such refinement. □ 
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3.4. Special cowave classes. Let Y he a weighted g-dimensional polyliedral pseu- 



docomplex, see Definition 2.8 Then using Proposition 2.11 we get a tropical chain 



in Cq{X; J^q). It is a cycle if and only if Y is balanced in the sense of Definition 2.9 



Definition 3.11. A coweight of a facet F of F is a choice of an element cp € 
W""^{Af) = Z, where is the face of X containing F and m = dimW'^^. We 
say that Y is coweighted if every its facet is prescribed a coweight. 
We say that Y is m-pure if dimW^"(Ai?) = m for every facet F of Y. 

Any facet F of Y sits in a g- dimensional affine space L in a face A of X. Recall 
that the volume element Vol^, is defined up to sign determined by the orientation 
of F. Thus, VoIl together with a coweight of F determine an element CovoIl G 

W"("'-i\Af) by 

A ^ cf(A A VoIl) G Z 

for A e Py^_,(A^). 

Thus a triangulation of a coweighted m-pure g-dimensional polyhedral pseudo- 
complex Y gives rise to a cowave chain in Cg(X; W"^™'"^-'). (As in the case with 
special tropical cycles the orientation of F enters the resulting cowave cycle twice.) 
Such cowave chain is called special. 

Definition 3.12. A coweighted polyhedral pseudocomplex Y G X is called cobal- 
anced if the resulting special cowave chain is a cycle. We may refine this notion 
by saying that Y is cobalanced at x G 1^ if x is disjoint from the support of the 
boundary of the resulting special cowave cochain. 

Once an orientation of W"{Af) is chosen we may identify coweight and weight of 
F. If Y is m-pure and x G dF is such that dimW"{x) = m then W"{x) = W"{Af) 
and we get the following proposition by converting the coweights to weights with 
the help of arbitrary orientation of W"{x). 

Proposition 3.13. If Y is m-pure and x G Sk''~^(y) is a generic junction point 
with dimW"{x) = m then Y is cobalanced at x if and only ifY is balanced at x. 

In the same time if dimW"{x) < m then the cobalancing condition is different 
from the balancing condition. We believe that study of special cowave cycles might 
be useful, particularly in the context of mirror symmetry. 



4. The eigenwave 

4.1. The eigenwave 0. There is a canonical element G H^{X; Wi ® M) for every 
compact tropical space X. Let us first define it through a canonical singular cocycle 
(psing e C^(X; >Vi®M). Note that the dual space to Wi{A^)^R is W\A„)^R. Thus 
such a cocycle is defined by real values on singular 1-simplices a with coefficients 
cto- G W^{A„) ®]R. Note that cto- is a constant 1-form on the face A^. containing the 
interior of a and thus we can integrate cto- against a. 
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Definition 4.1. We set 

(4.1) (j)sing{aa<y) = I Oio 



Proposition 4.2. The integral in (4.1) is finite and the resulting cochain (psing is a 
cocycle. 



Proof. If the face A^. is finite then the integral (4.1 ) is automatically finite. However 
even if A^. is infinite then the form vanishes on all divisorial directions in W'{A„) 
by the definition of ly(Ao-) and the image of a in M^(Ao-) is always finite. 

Consider the coboundary Sep sing- Its value on any 2-simplex r enhanced with 
a coefficient Ur € W^{/S.r) ® M is obtained by integrating the 1-form Ur against 
the boundary of the triangle r. But Ur is a constant form, therefore it is closed. 
Note that to evaluate J we might need to pass to a subface with the help of the 

<9t 



homomorphisms dual to ( |3.1 ) if dr has edges contained in another combinatorial 



strata A!j. C 9A^ C X. Nevertheless, the value of the integral stays the same as the 
corresponding homomorphism of forms agrees with the inclusion A'^ -< A,-. □ 

We will denote by the functional of integration of 1-forms a„ e W^{/S.o) ® M 
along the interval a. One can think of vector in W^i(Ao-) ®M connecting the 

end points of a. 

Definition 4.3. The homology class (j) = [0smg] G H^{X;Wi (g) M) is called the 
tropical eigenwave. 

Remark 4.4. Below we consider the cap product with (p and its powers which was 
defined for the classes in Wf ® M). So in general we will have to use the 

isomorphism H^{X] Wi) = H^{X] W^) to identify (p with the class 0" e H^{X] W(® 
M). In case X is compact, however, we will manage to define this cap product on 
the cycle level with G H^{X] >Vi). 

Definition 4.5. It is also convenient to define a cellular cochain cpceii ^ ^leiii-^'i 

M). The value of cpceii on an oriented finite edge E of the subdivision is the same 

oriented edge E represented as a vector in the vector space W{E). 

Proposition 4.6. The homology classes of (pceii o-nd (psing coincide under identifi- 
cation of the cellular and singular homology of X. 

Proof. The two definitions agree on the singular 1-chains composed of the edges of 
X. □ 

4.2. Action of the eigenwave cp and its powers on tropical homology. Note 
that the fc-th cup powers of (p are also wave classes (p^ G H^{X\ Wk ® M). One can 
define the (p'^ on the singular chain level. Namely, let a G A^- be a fc-simplex. Recall 
that We G Wi{A„) denotes the integration along an edge e of a. Then 

(4.2) (f^singi^^) = ^^01 A ■ ■ ■ A w^,_, , =: w„ G Wu{A„) ® M. 
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Taking the cap product with 0^ = [(p^singl gives us homomorphisms: 

(4.3) ^'^n : Hq{X- J-p) ® M ^ H^-k{X- 7^+^) ® M. 

In case X is compact we can consider its baricentric subdivision and think of the 
Hq{X;J^p) as simphcial or cellular homology groups. The advantage of this is that 
we can now define the cap product of (p^ with cycles in Cg°'^{J-'p ® M). Below we 



give two different descriptions of the maps (4.3) on the cycle level depending on the 
choice of vertex ordering. 

Let 7 = X] /^o-c be a cycle in C^"''(X; J^p) supported on the g-skeleton of X. Then 
the coefficients Pa for all a lying in the same g-face A C X have to be the same (that 
is we can also think of 7 as a cellular cycle). We denote them by /3a. On the other 
hand, the cycle condition says that /3a has to be divisible by the divisorial directions 
in A. In particular, the wedge product of /3a with any element in Wk{A) ®M gives 
a well-defined element in Wp+k{^) ® M. 

Let A G X be a g-cell in the support of the cycle 7. For any finite j-dimensional 
face A' -< A of the sedentarity s(A') = s(A) we denote by A'^ its dual cell in A. 
Namely, A'^ is the union of all (g — j)-simplices containing the baricenters of A and 
A'. We can think of A'^ as a simplicial chain. The orientations of the pair A' and 
A'^ are taken to agree with the original orientation of A. 

Choice 1: We label the vertices of each g-simplex a in the baricentric subdivision 
bar{A) according to dimension of the largest cells whose baricenters they represent 
(recall that several faces of A of different sedentarity may have the same baricenter). 
In this case by definition of the cap product on the chain level the cycle (p'^ing H 71 G 
Cq"'Jj(X; J-'p+k) is supported on the dual subdivision of the g-skeleton of X. 

For every k-face A' of A let wa' G Wk{A) ® M denote the volume element as- 



sociated to A' as in (4.2). Clearly, wa' equals the sum of all ^. (taken with 
appropriate signs) for the fc-simplices o"o...fc forming the baricentric triangulation of 
A'. Then one can easily calculate from the definition of the cap product: 

(4.4) 0L.n( Yl /3Aa)= E(^^'/\'^a)A'^' 

a£bar(A) A'^A 

where the sum is taken over all fc-dimensional faces of A. Note that higher sedentary 
/c-faces don't appear in the sum because /3a vanishes when pushed to these higher 
sedentary faces. 

Choice 2: Here we label the vertices of each a in the opposite order to the descrip- 
tion 1. That is the baricenters with the smaller numbers correspond to the larger 
faces. Now the cycle (p^singin)"! ^ ^'^"'"^(X; J-'p+k) is supported on the (g — /i;)-skeleton 
of X. 

For every (g — /c)-face A' of A let wa' G Wk{A) ® M denote the polyvector 
corresponding to the integration along the chain A'^. Note that the faces (Tk...q lie 
in the (g — A;)-faces of A. The poly vectors w^g sum to wa' for those simplices 
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Figure 4. The two descriptions of the wave action on a 2-cell a. The 
support of (I) sing H (T is red and the framing is blue. 



(7 G bar{A) whose faces ak...q give the same simplex in bar{A'). Then again from 
the definition of the cap product we can write: 

(4.5) n ( Yl /5a^) = Yl (^A' ^ /^a)^'' 

(Tefear(A) A'-<A 

where the sum is taken now over all (g — A;) -dimensional faces of A. 
Conjecture 4.7. Let X be a smooth compact tropical variety. Then for q > p 
(P'^-Pf] : Hg{X; Jp) ® M ^ Hp{X; J^^) ® M 

is an isomorphism. 

We will prove the conjecture in the realizable case in Section |6] though we believe 
that realizability assumption is not necessary. Certain amount of smoothness, on 
the other hand, is essential. In the non-smooth case even the ranks of Hq{X;J^p) 
and Hp{X]Fq) may not agree. A simple example is provided by the nodal genus 2 
curve (see Example 3.4). 

The action of the eigenwave is especially easy on special tropical (p, p)-classes. 

Theorem 4.8. //7 G H^f^^'''^{X) then n 7 = 0. 

Proof. Any vector parallel to a simplex of a special tropical cycle turns to zero after 
the wedge product with the volume element defined by that simplex. Thus we get 
zero on the chain level if we represent 7 by a special tropical cycle and by (psing- D 



5. Intermediate Jacobians 

5.1. Tropical tori. Let V be a dimensional real vector space containing two 
lattices ri,r2 of maximal rank, that is = 2 ® M. Suppose we are given an 
isomorphism Q : Ti ^ Fg, which is symmetric if thought of as a bilinear form on V. 

Definition 5.1. The torus J = V/Ti is the principally polarized tropical torus with 
Q being its polarization. The tropical structure on X is given by the lattice F2. If, 
in addition Q is positive definite, we say that J is an abelian variety. 
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Remark 5.2. The map Q : Fi — )■ provides an isomorphism of J = V/Ti with the 
tropical torus V* /T2. The tropical structure on the latter is provided by the lattice 

J- 1- 

Remark 5.3. The above data (V,Fi,F2,(5) is equivalent to a non-degenerate real- 
valued quadratic form Q on a free abelian group Fi = Z^. The other lattice F2 C 
:= Fi ® M is defined as the dual lattice to the image of Fi under the isomorphism 
V (Vy given by Q. 

Let us take the free abelian group Fi = Hq{X] Fp) = with p + q = dimX, and 
p < q. We define the tropical intermediate Jacobian as the torus above together 
with a symmetric bilinear form Q on Hq{X] J^p). 

The form Q is a certain intersection product on tropical cycles which we define in 
two ways. The first definition is manifestly symmetric while the second definition 
descends to homology. And then we show that the two definitions are equivalent. 

Unfortunately we are not able to show in this paper that the form is non- 
degenerate, though we believe that under certain smoothness and compactness con- 



ditions this should be true (cf. Conjecture 5.16). 



5.2. Intersection product. Let X be a compact tropical space of dimension n. 
For a singular simplex a we denote its relative interior by int{a) as well as its image 
in X. 

Definition 5.4. We say that a tropical chain X] /^o-'^ ^ Cq{X;J^p) is transversal to 
the face structure of X (or, simply, transversal) if for any simplex a and any face 
r -< cr we have 

• intij) n Sk^^"'^(X) = 0, if r -< 0" has codimension k] 

• if r lies in a sedentary face of X then Pa- is divisible by all corresponding 
divisorial vectors of that face. 

Definition 5.5. We say that two transversal tropical chains ^ /3o-'cr' G Cqi{X] J^pi) 
and ^/3(T"cr" G Cq//(X; Jp//) form a transversal pair if for every pair of simplices 
0"', cr" from these chains and any choice of their faces t' -< a', t" -< a" with Ar' = 
At" = A their interiors int{T'),int{T") are transversal in the usual sense as smooth 
maps to A. 

Remark 5.6. If a pair of simplices a', a" from the transversal pair have non-empty 
intersection then all three submanifolds a', a", a'Cia" are supported on the same facet 
'no-" of X (and on no smaller face). The oriented triple a', a", a' fl a" determines 
an orientation of Ao-'no-", thus an integral volume element Vo1a^,^^„ as well as its 
dual volume form Q/^^,^^„ . By transversality, a' fl a" has dimension q' + q" — n. We 
can choose a singular chain ^ r representing its relative fundamental class agreeing 
with the orientation of a' fl a". 
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Let 7' = ^ Pa'Cr' G Cg/(X; J^pi) and 7" = ^ (3a"Cr" G Cg"(X; J^p//) be a transversal 
pair of tropical chains. We define the following bilinear product with values in the 
cowave chains: 

(5.1) 7' -7"= Yl ^AAP<r'AM-reC,.+,..n{X-W''-^'-^"). 

rCo-'ncr" 

Remark 5.7. Note that 7' ■ 7" has no support on infinite simplices r C a' fl a" since 
its divisorial directions divide both P„/ and 

Remark 5.8. If q' + q" < n or p' + p" > n then 7' ■ 7" = for dimensional reasons. 
In what follows we will tacitly assume this is not the case. 

Our goal will be to show that this product descends to homology once the tropical 
space X is sufficiently nice. Namely, we'll require that X is a tropical manifold. For 
this we need to recall matroids and tropical spaces associated to them (cf. e.g. 
|AK06] . jShT2] . |MR12] l 

A matroid M = [M, r) is a finite set M together with a rank function 
Z>o such that we have the inequalities r{A U B) + r{A (1 B) < r{A) + r{B) and 
r{A) < \A\, where \A\ is the number of elements in A, for any subsets A,B G M 
as well as the inequality r{A) < r{B) whenever A G B. Subsets F G M such that 
r{A) > r{F) for any A D F are called flats of M of rank r{F). Matroid M is loopless 
if r(A) = implies A = 0. 

The Bergman fan of a loopless matroid M is a non-compact tropical space Ym G 
]]j|M|-i constructed as follows. Choose \M\ integer vectors C Zl*^l"^ C IRI^'^I"^ 

j E M such that Yl — ^ 1^1 ~ 1 of these vectors form a basis of Z'^^'"^. 

jeM 

To any fiat F G M we associate a vector 

E.g, Cm = 60 = 0, but Ci? 7^ for any other (proper) fiat F. To any fiag of fiats 
C ■ ■ ■ C Fjj. we associate a convex cone generated by ej?. . We define Ym to be the 
union of such cones, which is, clearly, an (r(M) — l)-dimensional integral simplicial 
fan. It is easy to check (cf. |AK06j ) that it satisfies the balancing condition, so that 
Ym is a tropical space, called the Bergman fan of M. 

The matroid M is called uniform if r{A) = \A\ for any A G M. Note that the 
Bergman fan of a uniform matroid is a complete unimodular fan in IRI^^I"^ with \M\ 
maximal cones. 

Definition 5.9. A tropical space X is called a smooth, or a tropical manifold, if 
all its charts (pa are open embeddings to Ym x G tI*^!-^ x for some loopless 
matroid M and a number s > 0. (Here s is the maximal sedentarity in this chart 
and n = r{M) — 1 + s is the dimension of our tropical manifold X.) 
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Tropical manifolds can be thought of as tropical spaces without points of multi- 
plicity greater than 1, see |MR12] . thus we use the term smooth. In smooth tropical 
spaces we can deform all cycles to a transverse position. 

The next lemma says that we can move a tropical cycle 7 off a face of X, if 
it intersects it in higher than expected dimension, not changing it outside the open 
star St{E). 

Lemma 5.10. Let 7 G Cg{X,J^p) be a (singular) tropical cycle in a tropical n- 
dimensional manifold X and E he its I- face of sedentarity s. Then there exists a 
cycle 7' = ^ ;5o-cr e Cq{X,Fp) homologous to 7 and such that for any (g — k)-face 
T of a simplex a we have int{T) (1 E = ^, i.e. t is not supported on E whenever 
k + I < n. In addition, 7' satisfies to the following properties: 

• 7 n (X \ st{E)) = y n (X \ st{E)), 

• the chain 7 — 7' is the boundary of a tropical {q + l)-chain supported in St{E), 

• if E has positive sedentarity then any simplex a such that aCi E ^ (1} has the 
coefficient Per divisible by all divisorial vectors corresponding to E. 

Proof. First let us consider the case s = 0. Then we can replace X with the Bergman 
fan for some loopless matroid M. Clearly any matroid M contains a uniform subma- 
troid Mq C M of the same rank r(M) (by sub matroid we mean a subset with the re- 
striction of the rank function). Thus we have a sequence Mq C ■ ■ ■ C M\M\-r{M) = M 
of submatroids of M such that M^+i is obtained from Mj by adding one element 
€j+i. We may form a matroid Hj of rank r{Mj) — 1 by setting a new rank function 
rn, on Mj, m^iA) =rM{AU e^+i) - 1 for A C Mj. 

The fan 1^^.+^ C M}^^^ maps to the fan Ym^ C M'^'^jI"-'^ by projection along the 
coordinate corresponding to the element e^+i. If the matroid Hj has loops this map 

is an isomorphism. Otherwise note that the Bergman fan Yh^ is a subfan of Ym^ 
Also we denote by Ym-^^ the subfan of ^a/j^i containing only those cones whose 
corresponding flags do not have two flats differing just by e^+i. Then Tj : +1 ~^ 
Ymj is a 1-1 map linear on the cones, cf. jS hl2 ]. Indeed, tj contracts precisely those 
cones of Im^+i which are parallel to e^j^-^ . 

For Ymq the lemma is trivial as the coefficients J-'p = A^Z*"*^^^)"^ are constant on 
all strata and we may deform 7 by an arbitrary vector field in ]R^(*'^)~i (subdividing 
simplices in 7 if needed to keep the chain tropical) . Inductively we suppose that our 
lemma holds for Ym^ and the matroid Hj is loopless and then prove that the lemma 
holds for ^Mj+i- 

We denote by St(eej^J the complement of ^m^^^ in Ym^+i- It really is the open star 
of ee^_^^ but in the coarsest face structure of ^Mj+i- Note that St(eej.^J = Yh^ x M. 



26 



GRIGORY MIKHALKIN AND ILIA ZHARKOV 



U E C St(eej^J then we may use the inductive assumption for projections to Yhj 
(as it has smaller dimension) together with deformation along a generic vector field 
parallel to ee^._^i. 

In the remaining case we have dim(rj(£')) = dim(i?) = / and E is contained in 
in ^Mj_^i- Consider singular g-simplices from 7 with the interior mapped to St(£^) 
and such that their closures intersect E. These simphces form a chain which can 
be considered as a relative cycle modulo its boundary d^E- We have d^E H E — ^. 
Furthermore, Tj{d^E) is a — l)-cyclc in the {n — l)-dimcnsional tropical manifold 
Yfjj- By induction on dimension we may assume that rj{djE) H St(ee^^J can be 
deformed in Yh^ to a cycle with simplices without faces of dimension larger than 
q — n + I whose relative interiors are contained in E. As St(eg^._^J = Yhj x R such 
deformation lifts to ^m^+i and can be extended to a deformation of 7 in Im^+i- 

By the induction on j there exists a tropical chain bj G Cq^i{YMj ', J^p) such that the 
relative interiors of /c-faces of singular simplices of = dBj —Tj{j) are disjoint from 
E. This assumption holds for any face structure on Ym^ , in particular for the one 
compatible with Yff. . Then the relative interiors of all gr-dimensional simplices are 
disjoint from Yh^ and we can form bj e Cq+i(YM^_^i ; ^p) and 7^- e Cg+i(lM,_^i ; J^p) by 
applying t^^Iy^.^Yh- to bj and j'j. Note that dbj — 7 — 7^ must have the coefficients 
vanishing under Tj, even though generated from the facets of Ylj._^_^ . Such coefficients 
must be supported on St(eg^._^J and thus we may apply the same reasoning as in the 
case of C St(e£^._^j). 

Finally, let us now consider the sedentary case of Ym x with s > 0. It suffices 
to show that 7 can be deformed to 7' so that no (g-dimensional) simplex a of 7' 
intersects Ym x {—00} (where {—00} G is the origin, i.e. the point of scdcntarity 
s) along a face of codimension smaller than s. In Ym x R* the coefficient cosheaf 

Tp splits to ^Tj^® ■'(R*). On W the divisorial directions of provide the 
coordinates Xj as well as the integral polyvector V — gf- A • • • A g|- . Accordingly, we 

s-\ 

have a decomposition 7 = 70 + 7^, where has coefficients in ^ J^J*^ ® A^'-^ (R*). 

We have 7o = X^7j where J = {ji < • • • < j^} C {1 < • • • < n} runs over all 
J 

possible collections of Z < s indices and 7j has coefficients in ® ( A - ■ - A gf-) ■ 

Thus, there exists a coordinate j ^ J and we may push jj from E with the help of 
a vector field parallel to Xj. Note that 7j remains a cycle after such deformation as 
^ is not present in the coefficients of 7j. 

The cycle 7y has coefficients in J-"^ ® V and thus can be interpreted as a relative 
cycle modulo dT^ = T'' \ R* with coefficients in J-'p^l (as V vanishes on and 
constant otherwise) and (T^, dTg) is homeomorphic to the pair R*~^ x (R>o, {0}) of a 
half-space and its boundary. Thus 7^ may be deformed to a product (after simplicial 
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subdivision) of the relative fundamental cycle in the s-dimensional half-space with 
some (g — s)-dimensional singular cycle. In particular, no resulting g-simplex can 
intersect E along a face of codimension less than s. □ 

Remark 5.11. Let S = IJa be an integral polyhedral fan (with its cones a ori- 



ented). Then using the inclusion homomorphisms (2.1) we can form the complex 
C^^ := ©dim(7=fc~^p(o")- In case S is a matroidal fan the statement of Lemma 5.10 is 
equivalent to that the complex C,^^ has only the highest homology. 

Corollary 5.12. Let X be a tropical manifold. Then 

(1) Every class in Hg{X]J^p) is represented by a transversal cycle. 

(2) Every pair of classes in Hgr{X; J^p/) and Hg//{X] J^p//) is represented by a 
transversal pair of cycles. 

(3) //7i,72 are two cycles which represent the same class in Hqi{X] J^pi) and 
both form transversal pairs with a cycle 7" G Cqii[X] J^pu), then there is 
b G Cq'+i{X; J^pf) which form a transversal pair with 7", and such that db = 

Proof. We may start from any tropical cycle and deform it to a position transver- 



sal to the face structure by applying Lemma |5.10| face by face starting from 0- 
dimensional faces and then higher-dimensional faces. (Note that open star of any 
face is disjoint from all faces of smaller or equal dimension). Suppose that we have 
two cycles transversal to the face structure of X. As the relative interior of any face 
E is a, manifold we can make interiors of faces of the simplices from these cycles 
transversal in by a small deformation with the help of the usual Sard's theorem. 
This deformation extends to a small deformation in St(£'). Making this procedure 
face by face in the order of non-decreasing dimension we make any pair of cycles 
transversal. A similar argument applies to the relative cycle in the last statement 
of the corollary. □ 

If p' + p" + q' + q" = 2n we can give a numerical value to the product 7' ■ 7" 
by integrating the {n — p' — p")-form Vti^^{(5a' A [3^") over the (g' + q" — n)-simplex 
r. Indeed, since Z^^' A (5^" is divisible by all divisorial directions corresponding to 
sedentary faces of r = cr' fl a", the integration can be carried over in the quotient 
space to those (infinite) coordinates, thus giving a finite answer. Thus we define 

(5.2) I i ■ 7" ■■= J2 [ A M G R. 

The most interesting case to us is when p' + q' = p" + q" = n. Assuming q' + q" > n 
we can use the eigenwave action on one of the cycles in the pair to make them of 
complementary dimensions, after which the integration becomes just summing over 
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the intersection points 

(7,7 ) := / 7 - 7 



xe|7'|n|7"| 

where /3" are the coefficients at cr', a" for their intersection points x G a' fl cr". 

Proposition 5.13. Lei 7' = Y.^o'(y' e Cg/(X; Jp/) anc?7" = ^/3^»ct" G Cg//(X; J^//) 
6e a transversal pair of tropical cycles with p' + q' = p" + q" = n and q' + q" > n. 
Let k:=q' - p" = q" -p' >0. Then 



n7',7") 



7' ■ 7"- 



Proof. First we need a representative of the cycle (p^ fl 7' such that it still forms 
a transversal pair with 7". We fix ffist and second baricentric subdivisions of the 
simplices a' in 7'. Then by transversality of 7" we can assume that the intersection 
of each a' with 7" is supported on the star skeleton of a'. That is a'Pl consists of 
the /c-simplices of the ffist baricentric subdivision of cr' spanned by the baricenters 
of the q' — k, . . . , g'-dimensional faces r of cr'. In general we label the fc-simplices in 
the first baricentric subdivision of a' by the flags of its faces (tq -<■■■-< r^). 




Figure 5. Intersection in a': (in red), |0'^n7'| (in blue). 



chain (see Fig. 5.2) 



Then the result of the wave action (4.4) from Choice 1 on (3^ia' gives the following 



where 

Tk), and (to -< 



^T-fc G M^fc(Acr') is the polyvector associated to the simplex (tq -< ■ ■ ■ -< 



-< Tk) is its star dual in the second baricentric subdivision (cf. 
definition in Section 4.2[ ). When intersected with 7" only the simplices (tq -< ■ ■ ■ -< 
Tk) with maximal dimensional flags enter and we see that the result coincides with 
the definition of / 7' ■ 7". □ 

Recall that we assume out tropical space X is smooth. In particular, if A is 
a codimension 1 face of X the fan at this face S(A) modulo linear span of A is 
matroidal. That is, the generating primitive vectors Vi,. . . ,Vk have just one linear 
relation among them Yli=i'^i ~ modulo A. 
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Proposition 5.14. Let X be smooth. Then the intersection product { , ) on cycles 
descends to a pairing on homology Hg{X; J^p) ® Hp{X; Tq) M. 

Proof. Suppose that we have two homologous cycles 7^ G Cq{X;Fp) and 72 G 
Cq{X]J^p). Let h G Cg+i(X; J^p) be the connecting chain, i.e. db = j'^ — 73. Ac- 



cording to Corollary 5.12 we can assume that all three 7^, 72 and b form transversal 
pairs with a cycle 7" G Cp(X; J^g). 

It is clear that d{b ■ 7") coincides with the 7J ■ 7" — 72 ■ 7" on the interiors of 
the maximal faces of X. Thus it is enough to show that b ■ 7" has no boundary on 
codimension 1 faces of X. 

Let A be such a face and let Ai, . . . A^ be the adjacent maximal faces at A. We 
choose Vi, . . . ,Vk, the corresponding primitive vectors such that Yl'i=i'^i — (^^^ 
just modulo A). Let a; be a point in the relative interior of A where b intersects 7", 
and let ri, . . . , r^. be the intervals in the support of b ■ 7" adjacent to x. Each lies 
in Aj. Let G J-'p(Aj) and (3" G J-'g(Aj) be the coefficients of the simplices of b and 
of 7", respectively, which intersect at the Tj. 

Since 7" is a cycle, we have ^ - (3'/ = 0. We can write each 

nil A I " 

where G Wg-i{A) and a'- G Wg{A). Then = together with the only 

linear dependence = among the Wj's implies that 



and ai = ■ ■ ■ = =: a . 

1=1 

Similarly, PI = since db cannot have support at x. Hence we can write 

/?■ = Vi Aa + a'i, 

with Xl^i = 0, «■ G Wp{/X) and a' G Wp_i{A). Note that in the product 

P'i A P'l = {vi A a' + a'i) A {vi A a" + a'/) = Vi A {a A a'l + A a") 
only the cross terms survive. Now we are ready to evaluate d{b ■ 7") at x: 

[vi A {a A a'l + A a")] = 0,/^{a A a'l + a'i A a") 

i i 

= n^ia A ^ a-' + ^ «■ A a") = 0. 

i i 

□ 

Finally we restrict to the case when both 7', 7" are cycles in Cg(X;/p) with 
p + q = n. Then 7' ■ 7" = 7" ■ 7'. Indeed, assuming the orientation of r is chosen, 
taking the product in the opposite order will result in the change of orientation of 
A according to the parity of p. On the other hand this parity will also affect the 
coefficients product: (3' A (3" = (-1)^/3" A /?', both effects cancel in Q^^iP' A 13"). 
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This observation combined with Propositions 5.13 and 5.14 lead to following final 
statement. 



Theorem 5.15. Let X be compact and smooth. The product on cycles (5.2) de- 
scends to a symmetric bilinear form on Hq{X; J^p) for any p + q = n. 

Conjecture 5.16. This form is non-degenerate. 

6. Appendix: Konstruktor and the eigenwave action in the 

realizable case 

6.1. Tropical limit and the Steenbrink-Illusie spectral sequence. Suppose 
X is the tropical limit of a complex projective one-parameter degeneration A" — )• A*. 
We say X is smooth if it is locally matroidal and meets the boundary properly (see 
[MR12j ). Smoothness of X and the stable reduction theorem jKKMS73] allow us 
assume the following (see details in |IKMZ12] ). 

• X is unimodularly triangulated. This means that the finite cells are unimod- 
ular simplices and the infinite cells are products of unimodular simplices and 
unimodular cones spanned by the extremal brane vectors. 

• The finite part of X is identified with the dual Clemens complex of the 
degeneration with simple normal crossing central fiber Z = UZa- This means 
that the components of Z are labelled by vertices of zero sedentarity and 
their intersections Z^o fl ■ ■ ■ fl Za^ =: Z^ are labelled by (finite) simplices 
A = {ao • • • ttfc} of X of zero sedentarity. 

• Each intersection Zj\ is a blow up of P""'^, and for A' ^ A the inclusions 
Z^ Za' are linear maps. 

Theorem 6.1. Let X be a realizable smooth projective tropical variety. Then for 
q > p 

(l)''-P:HgiX;Tp)^Hp{X;T^) 

is an isomorphism. 

Note that we don't have to tensor with M in this algebraic setting, since the eigen- 
wave is itself integral, that is a class in H^{X,Wi). We will prove the theorem by 
comparing the eigenwave action with the classical monodromy action on Hk{Xt, C), 
where Xt is a general fiber in X. 

Notations: 

• A or A' will always denote a finite face of X of sedentarity 0, in particular, 
a simplex. 

• H2i{A)[-r] = H2i{Za,Z), Tate twisted by [-r, -r]. 

• H2i{k)[—r] = ©if2z(A)[— r], where A runs over all fc-simplices in X as above. 

First we recall the classical spectral sequence which calculates the limiting mixed 
Hodge structure of the family X (see, e.g. |PS08j . Chapter 11). This spectral 
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sequence (from now on referred to as the Steenbrink-IUusie's, or SI for short) has 
the first term 

E'i'''= Hu+r-2^{2^ - t)[t - 

j>max{0,r} 

and it degenerates at E2 abutting to homology of the smooth fiber Xt of Z with the 
monodromy weight filtration. 

Since all strata in Z are blow ups of projective spaces, the odd rows in Steenbrink- 
IUusie's El vanish. Removing those and making shifts in the even rows we relabel 
the terms by 



El'^ := El 



q-p,2p 



e 



2q-2i 



{2i + p - q)[q - p - i]. 



i>max{0,g— p} 



The first differential d = d' + d" consists of the map d' induced by strata inclusion 
and the Gysin map d": 

d':H2i{k)[-r]^H2i{k-l)[-r] 

d" : H2i{k)[-r] ^ H2i-2{k + l)[-r - 1]. 

For reader's convenience we write the beginning of the Ei term: 

^^o(4)h4] 



^o(3)[-3] 



^o(l)[-l] 



i^o(O) 




^o(4)[-3] 
^2(2) [-2] 



d /7o(3)[-2] 

^2(1)[-1] 



^o(2)[-l] 
i^2(0) 




iJo(4)[-2] 



^o(l) 




H,{2) 




^o(4) 



The monodromy operator = 2^ log N acts along the diagonals by the Tate twist 
isomorphism H2i{k)[—r] — )■ H2i{k)[—r — 1] or by if the corresponding group is 
missing (cf. [FSUS] . Chapter 11). 
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6.2. Propellers. Next we will give a combinatorial description of the SI groups and 
the differential in terms of propellers - the "local tropical cycles" in X. 
Some more notations: 

• Recall that A, A', A" always denote finite faces of X of sedentarity 0. 

• We write A ~<k A' or A' >-fc A, if A is a face of A' of relative dimension k. 

• Link; (A) consists of sets q = {qi, . . . ,qi} where each gj is either a vertex or 
a divisorial vector, such that {Ag} span a face (infinite in case q contains 
divisorial vectors) adjacent to A of relative dimension /. 

• Link°(A) C Link;(A) consists of those sets q = {qi,...,qi} where qi are 
allowed to be only vertices (not the divisorial vectors). In this case {Ag} is 
finite. 

• VoIa^ is the integral volume element in the (oriented) face {Ag}. 

• We will drop the brackets from the notation of the cell {Ag} (e.g., as above) 
when they become cumbersome. 

Let A be an oriented finite cell of sedentarity 0. One can naturally identify (see 
|IKMZ12] for details) the homology groups H2i{Z/^, Z) with the space of local trop- 
ical relative /-cycles around A. That is, we consider formal Z-linear combinations 

geLinki(A) 

of (possibly infinite) cells {Ag} >-/ A which are balanced along A. We call these 
local cycles propellers and abusing the notation we continue denoting this group by 
H2i{A) (there is no Tate twist however). 

Then one can identify the Gysin map d" : H2i{A) — > /72i-2(A') with the restriction 
of the propeller to a consistently oriented finite simplex A' A. Put together 

(6.1) d"{ Yl P.-{Ag})= E ( E PA^Qr}). 

geLink,(A) geLink?(A) feLink,_i(Ag) 

The inclusion map d' : H2i{A) — i- H2i{A'), where A' = A \ w is consistently 
oriented facet of A, is somewhat more tricky. Let c = J2qeUnki{A) Pgi^'l} 
element in H2i{A). For any g e Linki(A) let {A'g} = {Ag\f } be the corresponding 
cell containing A'. Then the image of d'c in H2i{A') will be 

(6.2) Y P<?{^'^}+ E 

(7eLinki(A) feLink;_i(A) 

where the coefficients p^f G ^ are chosen to make the result balanced along A'. 
There is always a unique such choice (cf. |IKMZ12] ). namely, the be read 

off from the balancing condition for c along {Af}: 

(6.3) Y pQfi^) + PvfiA'v) = mod {A'f}, 

q 
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where (A'g) means the divisorial vector g, or the vector from any vertex of A' to q 



(well defined mod A') if g is a vertex, and same for (A'f). 

From now on we will not distinguish between the classical geometric Steenbrink- 
lUusie El complex and its interpretation via complex of propellers. One of the main 
results in |IKMZ12] is the following statement. 

Theorem 6.2 r |lKMZ12j ). = Hq{X;Tp). 

6.3. Konstruktor. Now we provide another realization of the Steenbrink-IUusie's 
El complex in terms of specific tropical simplicial chains. The collection of these 
chains which we call konstruktor forms a subcomplex of C^°''(X, J-,), and we can 
refer to Theorem 6^ to see that the inclusion is a quasi-isomorphism. A wonderful 
feature of the konstruktor is that the eigenwave acts on its elements precisely as the 
monodromy operator u acts on the terms in the Steenbrink-IUusie's Ei. 

Let us fix the first baricentric subdivision of X. We elaborate a little bit on 
already used notation of the dual cell. 

• For a pair A >- A' of finite simplices of sedentarity in X, and q G Link; (A) 
we let A'^g denote the dual cell to A' in the face {Aq} of X, that is the 
union of all simplices in the baricentric subdivision containing baricenters of 
both A' and {Aq}. 

• In the summation formulae to follow we assume the terms with A'^^ are not 
present if A' is not a zero sedentarity finite face of {Aq}. 

Let A be a finite /c-simplex of sedentarity in X, and r < k a. non-negative 
integer. To any propeller, that is a local tropical /-cycle 

(7eLinki(A) 

we associate a simplicial chain c[—r] G Cl'^i_,^{X, J'l+r) as follows (note that c[0] 
now has other meaning than just c): 

cM= E E (p.-vow,)A'^,. 

56 Link; (A) A'^A 
dim A'=r 

The orientation of A'^^ is consistent with the original orientation of A and the choice 
of the volume element VoIa'^- Clearly for each r between and k the map 

{■)[-r]:H,i{k)-,CtrUX,J^i^r) 

is an injective group homomorphism. We denote its image in Cl'^i_^{X , J^i^^) by 
Ki{k)[-r]. 

Definition 6.3. The konstruktor is the free abelian subgroup in C^"^(X, J-,) gener- 
ated by the Ki{k)[—r] for all k, I and r . Note that Ki{k)[—r] intersect trivially for 
different triples k,l,r. 
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Next we want to show that for each p the (BrKp-ri* — p + 2r)[— r] is indeed a 
subcomplex of C^"'^{X,J^p) isomorphic to the SI complex i?*'^. This follows at once 
from comparing the SI differentials d = d' + d" with the simplicial boundary d. 

Proposition 6.4. d{c[-r]) = {d'c)[-r] + {d"c)[-r - 1]. 

Proof. For the proof we need two linear algebra identities. Let a', a" be two opposite 
faces in a unimodular simplex a = {a' a"}. Then one has 

^ Vol^/^// = Vol^/ A Vol,^// = ^ Voir' a", 

t"-<io-" r'-da' 

where, say, the left equality easily follows from the case when a' is a vertex. Here all 
r' are oriented consistently with a', and all r" with a". We will need this identity 
in the form 

(6.4) Yl VoIa',- = Yl ^°1a,-x9, 

A'^iA geLmk5(A) 

where A is a finite simplex and q G Link; (A). Note that the divisorial vectors (if 
any) in g just multiply both sides of the identity for finite simplices. 

The second identity involves a relation among the balancing coefficients p^f from 
(6.2) for c = J2Pq{^^}- can show (cf. |IKMZ12] ) that they satisfy a refined 
version of ( |6.3[ ). Namely, for A' ^ A -< {Ag} we have 

J^PqfWq) + Y PvfWv) = mod {A'f} 

for faces A' -< A of codimension possibly higher than 1. Multiplying the above by 
VolA'f we arrive at 

(6.5) Y PgfVolAV=- Y Pvf^olA'vf- 

ijGLinki(A) iisAxA' 

Now we are ready to proof the proposition. Let c = ^ Pq{Aq}, then we can write 

c[-r] = Yl (p.-Vo1a',-)A'^^-. 

A'^fc-^A 
(;eLink;(A) 

The topological boundary of each cell A'^^ consists of two types: 

• Type 1: cells in the form A'^^ for faces A" A' of {Aq}. If the cell A'^^ 
includes divisorial directions then its coefficient VoIa'^ in c[—r] is divisible 
by all divisorial vectors. Hence the type 1 part of the boundary 9(c[— r]) is, 
in fact, supported on the faces A'^^ for finite A". Thus A'^^ in the formulae 
below make sense. 

• Type 2: cells in the form A'^^^^ where f is a vertex or a divisorial vector in 
{Aq} which is not in A'. 
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Next we show that these two boundary types endowed with the framing correspond 
to the d" and d' differentials in the SI complex, respectively, see Figure 16} 



d 





Figure 6. d = d' + d" : 1/2(1) ^ ^^2(0) © Hq{2)[-1]. (Framing 
coefficient vectors are not to scale). 



Boundary of type 1: 

5^5^(p,VoM{A'g}^- + 5^ (p^-VoWA'A, 

= ^ ( (pgfVolA"f)A'^g^ + 



(P,r-VolA"f))Al^, 



geLink?(A) A"^Ag, A"/A 
f6Link,_i(A5) 



A"^A 
fGLink,_i(Ag) 



(P5fVoiA'v-)A'A,,. 



geLink;{A) A"-<Ag 

feLink;_i(Ag) 



Here in the second summand we used the identity 6.4 for the pair A' -< A"q. From 



(6.1 ) one can easily see that this coincides with {d"c)[—r — 1]. 
Boundary of type 2: 

Y {Pqfyolrqf )A'^r + Y Yl VoU'?) A'^^-^^ 



geLmki(A) A'^A 

feLink;_i(A) 



E ( E 

fSA feLinki_i(A) 
A'^Ani; 



■ueA A'^Axu 
(?eLmk;(A) 

(p^f VoW)A'^^ + (pg-Vo^-)A'^g-^J. 

(?eLmki(A) 



Here in the first summand we used the identity (6.5) for each A',r with the sign 



compensated by the orientation of A'^^^ and the choice of VolTt^f . Taking the sum of 
(6.2) over all vertices f G A we easily identify the last expression with {d'c)[—r]. □ 



Combining the above proposition with Theorem |6. 2 1 we can conclude that the kon- 
struktor complex can be used to calculate the tropical homology groups Hq{X, J^p): 



Corollary 6.5. The inclusion of the konstruktor (BrKp_r{ 
C^°'^{X,J'p) is a quasi-isomorphism for each p. 



— p + 2r)[— r] into 
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Finally, since all infinite cells in the konstruktor chains have coefficients divisible 



by the divisorial directions we can use the explicit description (4.3) of the eigenwave 



action on it. Then unveiling the konstruktor definition we arrive at the following. 
Proposition 6.6. For any c G H2i{A) one has (j) fl (c[— r]) = c[—r — 1]. 

Now we can combine all above observations to prove the claimed isomorphism 



Proof of Theorem 6J_. The cap product action of the eigenwave 0'^"^ on the ho- 
mology Hq{X,J-'p) can be induced from its action on the konstruktor, which is a 
simplicial chain subcomplex. But it agrees there with the classical action of the 
monodromy i>'^~p on the Ei term of the SI spectral sequence. On the other hand it 
is well known that the z/''"^ induces an isomorphism on the associated graded pieces 
with respect to the monodromy weight ffitration on Hp^q{Xt), which are calculated 
on the E2 term of the SI spectral sequence. □ 

Acknowledgements. We are grateful to Ilia Itenberg for numerous useful discussions. 
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